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ABSTRA CT

A new method for computing eigenmales of a laser rgsonatqg by the use of nite elemert analysis (FEA) is
preseried. For this purpose,the scalarwave equation ¢ + k? E(x;y;z) = 0 is transformed into a solvable 3D
eigervalue problem by separating out the propagation factor exp(j ikz) from the phasoramplitude E(x;y;z) of
the time-harmonic electrical "eld. For standing wave resonators,the beam inside the cavity is represeried by a
two-wave ansatz. For cavities with parabolic optical elemers the new approac has successfullybeenveri ed
by the use of the gaussianmode algorithm. For a DPSSL with a thermally lensing crystal inside the cavity the
expected deviation between gaussianapproximation and numerical solution could be demonstrated clearly.

Keyw ords: Numerical eigenmale analysis, laser resonators,optical resonators,solid state lasers,DPSSL, ther-
mal lensing e®ect,laser theory

1. INTR ODUCTION

Modern laser technology demands powerful numerical tools to analyze complex laser systems. Those tools
generally involve the computation of the eigenmalesof a laser cavity, meaning solutions of Maxwell's equations
for a propagating beamwith certain boundary conditions beingimposed. Sincein lasersthe transversevariations
of the refractive index are usually small, Maxwell's equations can be replacedby the scalar wave equation

£ o]
¢+ k? E(Xy;2)=0 (1)

where E(x; y;z) is the phasor amplitude of a "eld distribution that is sinusoidal in time. k = 2¥&, is the
propagation constart of the optical wave in the medium, where , is the wave length in the medium. The most
commonway to solvethis equation for a propagating beamis through the paraxial wave equation (seefor instance
Ref. 1, Chapt. 16).

In the special but signi cant casethat the beam is propagating through spherical (or more speci cally,
parabolic) dielectric interfaces, gaussianducts, i.e. parabolic distributions of refractive index and gain, or is
re°ected on spherical mirrors, analytical solutions of the paraxial wave equation are available in the form of the
well known Hermite-gaussianpolynomials. In real situations, the gaussianmode algorithm can successfullybe
applied, if the distributions of refractive index and gain in laser crystals can be approximated by parabolic “ts.
This approad for instanceis usedin the laser cavity code LASCAD ™ 2.3

To obtain numerical solutions for the cavity mode, since the pioneering work of Fox and Lee* instead of
the partial di®ererial equation (PDE) (1) an equivalert integral equation is involved, basedon the so-called
round-trip condition (seeRef. 1, Chapt. 14, for example). This meansthat a propagation integral acts on a
wavefront E(Xo;Yo) at a certain referenceplane to produce a new optical "eld describing the wavefront at the
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samereferenceplane but after one round trip through the cavity. In modern computer codesthis approac is
realizedby the useof a beampropagation method (BPM), which allows for sampling the °uctuating distributions
of the optical "eld, generatedby the repeatediterations. Essertially, two methods have beenproposedto extract
particular eigenmalesfrom the data obtained in this way.

In 1981, Feit and Fleck® published an approad that usesthe computation of a "eld correlation function
whose Fourier transform with respect to the propagation axis reveals the eigervalues as resonan peaks. The
eigervalues obtained in this way are usedto generatethe mode eigenfunctionsby carrying through additional
discrete Fourier transforms of the "eld. A seriousdrawbadk of this method consistsin the fact that the maximum
bandwidth ¢~ of the spectrum obtained for the propagation constart is restricted by ¢ = = ¥=¢ z, where ¢ z
is the path length of oneround trip. Physically, this meansthat the "eld °uctuations due to the superposition
of eigenmales with di®erent propagation constarts must be slowv enoughto be resolved by the sampled "eld
patterns. Sincein laserresonators¢ — aswell as ¢ z cannot be chosenarbitrarily , this approad fails for longer
resonatorswith internal elemens.

An alternative method also using repeatedly sampled eld distributions, known asthe Prony method, has
beenintroduced by Siegmanand Miller® in 1970. This method is designedto determine the coe+cients and
argumerts for a time function

X
f(t)= Kjexp(pt) (2)
j=1
composedof N complex exponertial functions from a sequenceof 2N complex valuesf (nt);n = 1;2;:::;2N,
which are generatedby forming scalar products of 2N subsequetly generated eld patterns. N is the number
of dominant eigenmalesassumedto be presert in the pattern usedto start the iterations. The Prony method
primarily addresseghe problem of eigervalue determination. The computation of eigenmales must be carried
through in a subsequen step. In the literature available to us, we could not 'nd information on how exact
eigervaluesand eigenmales can be computed by the use of this method.

Both methods referencedabove use eld patterns generatedin a rst stepto compute eigervaluesin a second,
and eigenmalesin a third step. Therefore, they depend on the numerical accuracy of theseprimarily generated
patterns. Practical experiencewith BPM shows that °uctuations due to limited computational accuracy can
a®ectthe appearanceof thesepatterns, and in consequencehe results obtained for eigervaluesand eigenmales.
Therefore, it seemsadvantageousto develop a method that primarily addresseghe computation of eigenmales,
sincethey are neededmainly to analyzethe properties of a laser cavity.

Another approad to calculating eigenmalesof an optical cavity is to discretize the scalar wave equation or
the original Maxwell's equations directly by applying the nite element method. This was done, for instance,
by Strei®, Witzig, and Fichtner’ for simulating VCSEL devices. The main dixcult y of this approad is that
for geometrieslarge compared with the wavelength, a huge number of discretization grid points is necessaryto
resolve the oscillations of the propagating wave. Furthermore, the systemof linear equationsobtained by a "nite
elemern discretization can be very ill-conditioned in the caseof the scalar wave equation, which additionally
increaseghe computational time enormously Therefore, Strei®, Witzig, and Fichtner applied a 2D reduction by
symmetry assumptions. In many practical situations, however, such symmetry assumptionsare not appropriate.

In this paper we presert a new approach to compute the eigenmales and eigervalues of optical resonators.
Our approad alsouses nite elemert analysis(FEA), but di®erert from Strei®, Witzig, and Fichtner, we separate
out small scaleoscillations of the "eld E by the use of a factorization that allows for increasingthe meshsize
in z-direction by orders of magnitude and therefore drastically reducesthe number of nodes neededto obtain
sutcient accuracy Furthermore, compared with methods that use an integral operator as referencedabove,
which only involve iterativ ely computed “eld distributions at a single referenceplane, our method is based
immediately on the di®ererial equation (1) and therefore solvesthe eigenmale problem simultaneously on the
whole resonator domain.



2. DERIV ATION OF A SOLVABLE EIGENV ALUE PROBLEM FOR THE LASER
MODES

A lasercavity is a devicewherean electro-magneticwave propagatesin a periodically guiding structure. “Guiding
structure' means,that distributions of a complex valued refractive index, and optical elemeris like lensesand
mirrors, are grouped along a main axis of propagation in a way that only a small part of the propagating electro-
magnetic energyis leaking out the sidesof the cavity to in nit y. "Periodically' means,that a substructure of nite
length C along the propagation direction exists, and that the full periodic structure is obtained by an identical
reproduction of the substructure after z = nC;(n = 1;2;:::), where the propagation direction is assumedto
coincide with the z-axis. Therefore, we write

E(x;y;2) = exp[j ikfz+ iA(2)]WX; y; 2): 3)

The term A(z) takesinto accourt that a guided wave generally has a propagation constart, which is smaller
than the propagation constart ki of the free wave. If the guiding structure is independert of z asin common
wave guides, A(z) can be replacedby "z, where" is a small real quartity. In laser cavities, this generally is not
the case. For instance, in simple two mirror resonators,A(z) for the lowest-order gaussianmode is given by the
Guoy phaseshift (seefor instance Ref. 1, Chapt. 19.3)

- z
A(z) = arctan —; 4)
ZR

where zg is the Rayleigh range. Equation (4) shaws that, in this case,the maximum variation of A(z) along
the resonator axis from the left to the right mirror is con'ned to j ¥4- A(z) - Y% For higher-order gaussian
modesA(z) is restricted by integer multiples of ¥4 depending on the mode order. In the caseof general paraxial
resonators, which may be composedof mirrors and lenses,and weakly guiding refractive index distributions of
Tnite length, it therefore seemsreasonableto use"z instead of A(z) and to take into accourt the remaining phase
°uctuations "z j A(z) in afunction &= exp[j i("z i A(z))] v, which delivers

E(x;y;z) = expli i(ks i ")z](X;y;2): )

Equation (4) shows, that the phase°uctuations "z j A(z) can be assumedsmall along propagation distances
of the order of the wave length. Therefore, ¢ overall can be expectedto be free of small scalespatial oscillations
with a scalelength corresponding to the wavelength. This leadsto the important conclusion,that an excient
FEA discretization with a meshsize of the order of the wave length or even much larger should be possible.

To take into accourt small °uctuations of the refractive index, we de ne
k= ki + Ks(X;Y;2); (6)
where ks generally is a complex valued quantit y of small modulus. Then, insertion of equations(5) and (6) into
(1) delivers
eu 2k D kel2ki + k= (2K e ™

Since in most interesting cases"'=k; <% 10 4, the term " in the st parerthesis on the left side and in the
parerthesis on the right side usually can be neglected,delivering

i ¢+ 2ikg % + (k¥ i kH)e= 2%y = »tt (8)

If the beamguiding structure doesnot changealong the propagation axis z, i.e. if ks is independen of z, Eq. (8)
transforms into the well known 2D eigervalue equation for weakly guiding structures.

Since we are looking for 3D eigenmales, the solutions E and its derivatives with respect to z must meet
conditions of periodicity imposedby the length C of the substructure. But sincewe are consideringcavities with
CA the C-periodicity of the phasefactor in Eq. (5) can always be achieved by a very small change of ks
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Figure 1. Computational Domain.

that has negligible in°uence on Eq. (8). Therefore, we neglect this phasefactor, and imposethe conditions of
periodicity directly on u as follows

#HXx; y; ) = ®xy;0) )
@ . . _ @ A
@u(x, y;0) = @u(x, y; 0):

Perpendicular to the propagation direction the laser modes usually strongly decay with distance from the axis,
but sincewe are forcedto usea nite computational volume, a non-re°ecting boundary condition must be used
for the transverseevanesceh part of the wave. An appropriate choiceis to usea Robin boundary condition

% i ICptt=0; (20)
where @@ denotesthe derivation in direction of the outer normal, and Cy, can be chosenas Cy, = k;, seee.g.
Ref. 8 and the referencescited therein.

Equations (8), (9), and (10) describe a solvable eigervalue problem for the cavity modes. To derive these
equations, the only approximations were madewhen Eq. (7) wasreplacedby Eg. (8) and when a Robin boundary
condition was usedinstead of a hon-re°ecting boundary condition.

In caseof standing wave resonatorswe de ne a domain as depicted in Fig. 1, where the mirrors shall be
located at the left and right faces. We denote the cuboid of size W £ W £ L by -, and the boundaries by
io;i1, andj, which stand for the left mirror, the right mirror, and the remaining open part of the boundary,
respectively.

To compute the eigenmales of a standing wave resonator, two waves, propagating in opposite directions and
appropriately coupled at the mirrors, must be taken into accourt. For this purpose,we extend the above model
by the useof the following two-wave ansatz:

E(x;y;z) = expli i(ki i ")zler (X y;2) + expli i(ke i ")(Li 2)]tn(x;y;2): (11)
The functions &, and ty must meet the following boundary conditions at the end mirrors
H x2 yz l B
th (X;y;0) = exp ik¢ + =— | ¥ m(xy;0); (12)
Rlx R1y
I —{z }
Ao(xy )=
He 2T
th(X;y;L) = exp ik +S— Y w(Xy;L);
R2x R2y
| 2z }
A (xy )=

where a phaseshift of ¥4 due to re°ection, and an additional phaseshift due to the curvature of the mirrors, has
beentaken into accourt. R,y and Ry (y) are the radii of curvature in x- and y-direction of the left and the
right mirror, respectively.



Combining all considerationsabove leadsto a rigorous mathematical de nition of a PDE eigervalue problem
for the computation of eigensolutions(tt ; t4) and complex eigervalues », as follows:

i4 oy + 2ik; @ + (ki k)

@ = »& and
i4 o 2ks % + (k¥ k) = o in - (13)
with boundary conditions
te i Agth = 0 onjo;
i A = 0 onjy;
% + Ao% = 0 onjo;
% + Al% = 0 onjy; (14)
% i iChty = 0 onjy;
% i iChth = 0 onj,:

3. FINITE ELEMENT DISCRETIZA TION

To discretize the eigervalue problem (13), (14), we apply the nite elemeri method. We use a stable nite

elemen discretization basedon the streamline di®usion method.® 1° To obtain a suitable streamline di®usion
discretization of the eigervalue problem (13), (14), we consisterlly add terms of order O(h), which essetially

represert an arti cial viscosity in z-direction, to these equations.

Let Vh, :n be the spaceof complex valued tri-linear "nite elemerts of a grid on - with mesh sizesh in
z-direction and h,y for the transversal directions. Furthermore, let

n — - - (o}
Vi= (Vi) 2 Vi, n £ Vi n Vri Aovi o =0andv,j Ay _ =0 (15)
be the product spaceof wavesv, and v;, which travel in opposite directions and satisfy the coupling boundary
conditions at the mirrors. Then, the stabilized variational formulation of (13), (14) reads: Find (u,;u;) 2 V and
»2 C sud that

Z N T Z

rur b, + (kf2 i K2u b, + 2ik; gu,v, d(x;y;2)j iCp ur Y, d¥x;y;2)
Z u @ ﬂ @ Ir
+¢h 2iks —=ur + (k7 i ku, —¥ d(x;y;2)
) @ @
Z | @ 1 Z
+ rur b+ (k7§ kKAHuy i 2iks @um d(x;y;z) i iCyp ' Y d¥4x;y;z)
- Z u @ ﬂ @ Ir
i ¢h i 2iks @m + (k? i KAy @‘h d(x;y;z) (16)
’ Z | 1

= » u Vv + ¢h ur@@vr + uvj ¢h wg‘m d(x;y;z)

holds for all (v;;v) 2 V, with appropriately chosenstabilization parameter ¢, , 0.
This leadsto a discrete eigernvalue problem

A(UrhiUin) = M (Upns Uin);s a7



where A on the left-hand side is the sti®nessmatrix and M on the right-hand side is the massmatrix of (16).
(Urn; Upp) are the discrete eigenvectors with eigervalue »,. By "nite elemern theory, the convergenceof this
“nite elemen approximation for (hyy ;h) ! 0 is guararteed.

For the readerwho is interested in more details of the computational aspects we refer to Refs. 11 and 12.

The eigervalue problem (17) is being solved by a shift-and-invert method. To solve the equationsin the
\in vert-part" we used preconditioned GMRES.*3

4. NUMERICAL RESUL TS

In this section we shaw results for two con gurations that allow for veri cation of our new FEA approac by
the use of the gaussianmode algorithm, since this is the only method permitting an exact analytical analysis
of laser cavities. In a third example we apply our method to model a monolithic DPSSL consisting of an end
pumped Nd:YAG crystal. For this con guration we show the deviations betweengaussianalgorithm and exact
numerical analysis.

Example 1. Here we apply our method to an empty cavity of length L = 1:0 mm, whoseleft end mirror
is concave with a radius of curvature R; = 5:0 mm, whereasthe right mirror is planar. Figure 2 shows the
spot size, as a function of z, for the lowest-order mode as obtained by our FEA code in comparison with the
result of the gaussianalgorithm. The width of the computational domain wasW = 0:2 mm; in the computation
41£ 41£ 61 (% 102000)nodes have beeninvolved.

Our derivation of the eigervalue problem in Section 2 provesthat the Guoy phaseshift A(z) can be computed
by the useof the relation B
t(0;0;2) = exp[i i("z i A(2))]j&(0;0;2)j;

wherew and " are the numerically obtained results for the eigenmale and the eigervalue, respectively. SinceA(z)
only is determined except for a constart, we set A(L) := 0. In Figure 3 the numerically computed phase shift
Area (z) and the gaussianphaseshift A(z) as given by Eq. (4) are plotted. The excellert agreememn between
both graphs shows that our method not only can predict the prole but also delivers detailed results for the
phaseof the propagating wave.

Example 2. To demonstrate that our method can take into accourt the focusing e®ectof a duct with
parabolic refractive index distribution, we analyzein this examplea cavity with planar end mirrors with distance
L = 10:0 mm. In a short section of 1:0 mm length adjacert to the left mirror the refractive index is de ned by
n(x;y;z) = 1 0:03r2, otherwiseit is constart and equalto 1.

Figure 4 shaws the z-dependenceobtained for the spot size of the lowest-order mode by the use of FEA and
by the gaussiancode LASCAD ™ 23 respectively. Both results nearly coincide. The FEA has been carried
through on a domain of width W = 0:4 mm. The grid wasmadeup by 20£ 20£ 150elemeris, which corresponds
to approximately 70000points. Figures 5 and 6 display the normalized intensities for the TEM g9-mode and the
TEM 2,-mode, respectively, as obtained for this example.

Example 3. In this example we use our method to model a monolithic DPSSL consisting of an end pumped
Nd:YAG crystal, whosedeformedend facesrepresen the end mirrors of the cavity. To take into accourt thermal
lensing due to the temperature dependenceof the refractive index and due to thermal distortion a thermal
and structural FEA has been carried through by the use of LASCAD ™ 2 The data obtained in this way
for temperature distribution and deformation of the crystal have beenimported into our program. We useda
rectangular slab of equal height and width W = 0:8 mm and length L = 8:0 mm cooled from top and bottom,
but not from left and right. The obtained temperature distribution therefore deviates strongly from rotational
symmetry. Figure 7 shows the thermally induced refractive index distribution along x- and y-axis immediately
behind the erntrance plane of the pump beam (at z = 0) as obtained with LASCAD ™ 2 To compute the mode
shape by the useof a gaussianapproximation asimplemented in LASCAD ™ 2 the refractive index distribution
is tted parabolically for a seriesof crosssectionsalong the z-axis as also shown in Figure 7 for a crosssection
closeto z = 0. The obtained parabolic coetcients are usedin a round trip ABCD matrix to compute the mode
shape. Figures 8 and 9 shaw the spot sizesalong the z-axis obtained in this way in comparisonwith the spot sizes
obtained by our new approac that usesthe full 3D thermal and structural FEA data without parabolic t. As



one can see,the results are very closeto ead other in the y-z-plane, whereasin x-z-plane the spot size obtained
by our new approad is considerably larger. This is expected from the fact that the parabolic T shawn in Fig.
7 is good along the y-axis, but very poor along the x-axis for which the plot shows a bell shaped distribution.
Accordingly, for the transversemode pro le the deviation betweenthe gaussianpro le and the result of the 3D
approadc also is much stronger along the x-axis than along the y-axis as shown in Figures 10 and 11. For our
computations we used80£ 80£ 32 elemers which equatesto approximately 250000grid points.

5. CONCLUSIONS AND OUTLOOK

As referencedin the introduction, methods for the numerical computation of the eigenmales of laser cavities
deweloped sofar are basedon the early work of Fox and Li, using a round-trip integral operator to compute the
“eld distribution at a referenceplane iterativ ely. The sampled eld distribution is usedto compute eigervalues
and modesin subsequen steps. Sinceit seemsnot to be possibleto guarantee applicability and accuracy of
this integral method in general, we have preseried a new approad, which addressesa direct solution of the
partial di®erertial equation (1) by methods of nite elemern analysis. Compared with the integral method,
which can use data only at a single referenceplane, the FEA approac allows for simultaneously involving the
whole resonator domain into the numerical procedure.

Di®erert from other approades,which alsoapply FEA directly to Helmholtz or Maxwell's equations, we use
a factorization to separateout the oscillating factor exp(j ik z) from the phasor amplitude E(X;y;z) to obtain
a function w(x;y;z), whose variation with respect to z is relatively slov. This leadsto a solvable eigervalue
problem for u(x;y; z) as shown in Section 2. The factorization allows considerablereduction of the number of
nodes necessaryfor suxcient resolution.

For casesthat allow for application of the gaussianmode algorithm, our results are in excellent agreemen
with the latter one, as shown for two examplespreseried in Section 4.

Basedon thermal and structural FEA resultsimported from LASCAD ™ 2 we have also applied our method
to model a monolithic DPSSL consisting of an end pumped crystal, whosedeformed end facesrepresen the end
mirrors of the cavity. In this case,the expecteddeviation betweengaussianapproximation and numerical solution
could be demonstratedclearly. Therefore,the combination of our new approach with thermal and structural FEA
is expectedto deliver an accurate and reliable eigenmale analysisalsofor more complexresonatorcon gurations.
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Figure 2. Empty cavity with one concave (R1 = 5:0 mm) and one planar end mirror, FEA (solid line) and gaussian
mode shape (dashed line).
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Figure 3. Guoy phaseshift for an empty cavity with one concave (R; = 5:0 mm) and one planar end mirror, FEA (solid
line) and gaussianmode result (dashed line).
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Figure 4. Comparison between FEA (solid line) and gaussian results (dashed line) for a long resonator with a short
gaussianduct attached to the left mirror.

Figure 5. Lowest-order mode in a long resonator.



Figure 6. TEM ,;-mode in a long resonator.

Figure 7. Comparison of numerical (dots) and parabolically tted (triangles) refractiveindex. Screenshot of LASCAD ™ .
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Figure 8. Comparison of FEA (solid line) and gaussianx-axis spot size (dashed line) along cavity axis for a monolithic
laser with thermal e®ectstaken into accourt.
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Figure 9. Comparison of FEA (solid line) and gaussiany-axis spot size (dashed line) along cavity axis for a monolithic
laser with thermal e®ectstaken into accourt.
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Figure 10. Transverse mode prole along x-axis for a monolithic laser with thermal e®ectstaken into accourt, FEA
(solid line) and gaussianmode result (dashed line).
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Figure 11. Coinciding transversemode pro les along y-axis for a monolithic laserwith thermal e®ectstakeninto accourt,
FEA (solid line) and gaussianmode result (dashed line).



