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A new method for computing eigenmodesof a laser resonatorby the useof
¯nite element analysis(FEA) is presented. For this purpose,the scalar wave
equation [¢ + k2] ~E(x; y; z) = 0 is transformed into a solvable 3D eigenvalue
problem by separatingout the propagation factor exp(¡ ik z) from the phasor
amplitude ~E(x; y; z) of the time-harmonic electrical ¯eld. For standing wave
resonators,the beaminside the cavit y is represented by a two-wave ansatz.

For cavities with parabolic optical elements the new approach has suc-
cessfully been veri¯ed by the use of the gaussianmode algorithm. For a
DPSSL with a thermally lensing crystal inside the cavit y the expected
deviation between gaussianapproximation and numerical solution could be
demonstratedclearly. c° 2003Optical Society of America

OCIS codes:140.3410,140.4780,000.4430,140.3580,140.6810.

1. In tro duction

Since the laser was invented, its development has been supported continuously by
theoretical models,which have beenable to describe the physicsof the laserto a high
degree.But there arestill openproblems,and modern lasertechnologydemandspow-
erful numerical tools, for instanceto model thermal lensingand gain guiding e®ectsin
lasercavities, or to predict the e±ciency of lasercon¯gurations. Thosetools generally
involve the computation of the transverseeigenmodesof a lasercavit y, meaningsolu-
tions of Maxwell's equationsfor a propagatingbeamwith certain boundaryconditions
being imposed.

Sincein lasersthe transversevariations of the refractive index are usually small,
Maxwell's equationscan be replacedby the scalarwave equation

h
¢ + k2

i
~E(x; y; z) = 0 (1)
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where ~E(x; y; z) is the phasor amplitude of a ¯eld distribution that is sinusoidal in
time. k = 2¼=¸ is the propagationconstant of the optical wave in the medium, where
¸ is the wave length in the medium. The most commonway to solve this equation for
a propagating beam is through the paraxial wave equation (seefor instanceRef. 1,
Chapt. 16).

In the specialbut signi¯cant casethat the beamis propagatingthrough spherical
(or morespeci¯cally, parabolic) dielectric interfaces,gaussianducts, i.e. parabolic dis-
tributions of refractive index and gain, or is re°ected on sphericalmirrors, analytical
solutions of the paraxial wave equation are available in the form of the well known
Hermite-gaussianpolynomials. In real situations, the gaussianmode algorithm can
successfullybe applied, if the distributions of refractive index and gain in lasercrys-
tals can be approximated by parabolic ¯ts. This approach for instanceis usedin the
lasercavit y code LASCADTM .2,3

There are, however, situations where the gaussianmode algorithm is not su±-
cient, and therefore a full numerical analysis is needed.For this purpose,since the
early work of Fox and Li,4 instead of the partial di®erential equation (PDE) (1) an
equivalent integral equation is traditionally involved, basedon the so-calledround-
trip condition (seeRef. 1, Chapt. 14, for example). This meansthat a propagation
integral acts on a wavefront ~E(x0; y0) at a certain referenceplane to produce a new
optical ¯eld describingthe wavefront at the samereferenceplanebut after oneround
trip through the cavit y. To represent an eigenmode, the recirculated wavefront must
meet the eigenvalue equation

°nm
~Enm (x; y) =

ZZ
~K (x; y; x0; y0) ~Enm (x0; y0) dx0 dy0 (2)

where the kernel ~K of the propagation operator depends on the properties of the
cavit y, and ° nm is a complexeigenvalue. Equation (2) lendsitself to try a solution by
an iterativ e application of the integral operator, an approach that has beenusedin
many modi¯cations sincethe pioneeringwork of Fox and Li.

In modern computer codes,a beampropagation method (BPM) is usedto com-
pute a seriesof round-trips starting with a moreor lessarbitrary initial ¯eld distribu-
tion. The iterativ ely recirculated¯eld distribution ¯nally convergesto the lowest-order
modeor to a superposition of higher order transversalmodes,dependent on the losses
of the latter ones.However, convergenceof this procedurecannot be predicted in gen-
eral. Even if the procedureconvergesto the lowest-ordermode, usually an admixture
of higher order modes remains,making it di±cult to isolate the exact shape of the
lowest-ordermode.Essentially , two methodshave beenproposedto extract particular
eigenmodesby sampling the °uctuating distributions of the optical ¯eld, generated
by the repeatediterations, at a certain referenceplane along the propagation axis.

In 1981,Feit and Fleck5 published an approach that usesthe computation of a
¯eld correlation function whoseFourier transform with respect to the propagation
axis revealsthe eigenvaluesas resonant peaks.The eigenvaluesobtained in this way
are usedto generatethe mode eigenfunctionsby carrying through additional discrete
Fourier transforms of the ¯eld. The accuracyof the obtained eigenvalues increases
inverselyproportional to the number of iterations, and therefore, in real situations a
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high number of iterations is required. A more seriousdrawback consistsin the fact
that the geometricallength of the cavit y being analyzedis restricted. This problem
has not beenspecially pointed out by Feit and Fleck, but it follows from Equation
16 in their work, which states that the maximum bandwidth ¢ ¯ of the spectrum
obtained for the propagation constant is restricted by ¢ ¯ = ¼=¢ z, where¢ z is the
path length of oneround trip. Physically, this meansthat the ¯eld °uctuations dueto
the superposition of modeswith di®erent propagationconstants must be slow enough
to be resolved by the sampled¯eld patterns. Sincein laser resonators¢ ¯ as well as
¢ z cannotbechosenarbitrarily , this approach fails for longerresonatorswith internal
elements, ascan be shown if oneappliesthe method to long resonatorsthat can also
be analyzedby the useof the gaussianmode algorithm.

An alternative method also using repeatedly sampled¯eld distributions, known
as the Prony method, has been introduced by Siegmanand Miller 6 in 1970. This
method is designedto determinethe coe±cients and arguments for a time function

f (t) =
NX

j =1

K j exp(pj t) (3)

composedof N complexexponential functions from a sequenceof 2N complexvalues
f (nt); n = 1; 2; : : : ; 2N , which are generatedby forming the scalar products of 2N
subsequently generated¯eld patterns. N is the number of dominant eigenmodesas-
sumedto be present in the pattern usedto start the iterations. The Prony method
primarily addressesthe problem of eigenvalue determination. The computation of
eigenmodesmust be carried through in a subsequent step. In the literature available
to us, we could not ¯nd information on how exact eigenvaluesand eigenmodescan
be computedby the useof this method.

Both methods referencedabove use ¯eld patterns generatedin a ¯rst step to
compute eigenvalues in a second,and eigenmodes in a third step. Therefore, they
depend on the numerical accuracyof these primarily generatedpatterns. Practical
experiencewith BPM shows that °uctuations due to limited computational accuracy
can a®ect the appearanceof these patterns. Therefore, it seemsadvantageous to
develop a method that primarily addressesthe computation of eigenmodes, since
they are neededmainly to analyzethe properties of a lasercavit y.

Another approach to calculating eigenmodesof an optical cavit y is to discretize
the scalarwave equationor the original Maxwell's equationsdirectly by applying the
¯nite element method. This was done, for instance,by Strei®,Witzig, and Fichtner7

for simulating VCSEL devices.The main di±cult y of this approach is that for ge-
ometries large comparedwith the wavelength, a huge number of discretization grid
points is necessaryto resolve the oscillations of the propagating wave. Furthermore,
the systemof linear equationsobtained by a ¯nite element discretization can be very
ill-conditioned in the caseof the scalar wave equation, which additionally increases
the computational time enormously. Therefore,Strei®,Witzig, and Fichtner applieda
2D reduction by symmetry assumptions.In many practical situations, however, such
symmetry assumptionsare not appropriate.

In this paper we present a new approach to compute the eigenmodesand eigen-
valuesof optical resonators.Our approach alsouses̄ nite element analysis(FEA), but
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di®erent from Strei®, Witzig, and Fichtner, we separateout small scaleoscillations
of the ¯eld ~E by the useof a factorization that allows for increasingthe meshsizein
z-direction by orders of magnitude and therefore drastically reducesthe number of
nodesneededto obtain su±cient accuracy. Furthermore,comparedwith methodsthat
usean integral operator asreferencedabove, which only involve iterativ ely computed
¯eld distributions at a singlereferenceplane,our method is basedimmediately on the
di®erential equation (1) and therefore solves the eigenvalue problem simultaneously
on the whole resonatordomain.

2. Deriv ation of a Solvable Eigen value Problem for the Laser Mo des

A lasercavit y is a devicewherean electro-magneticwave propagatesin a periodically
guiding structure. `Guiding structure' means,that distributions of a complexvalued
refractive index, and optical elements like lensesand mirrors, are grouped along a
main axis of propagation in a way that only a small part of the propagating electro-
magneticenergyis leakingout the sidesof the cavit y to in¯nit y. `Periodically' means,
that a substructureof ¯nite length ~L alongthe propagationdirection exists,and that
the full periodic structure is obtainedby an identical reproduction of the substructure
after z = n ~L; (n = 1; 2; :::), where the propagation direction is assumedto coincide
with the z-axis. Therefore,we write

~E(x; y; z) = exp[¡ ik f z + iÃ(z)] ~v(x; y; z): (4)

The term Ã(z) takesinto account that a guidedwave generallyhasa propagation
constant, which is smaller than the propagation constant kf of the free wave, aswell
known from texts on wave guide or laser theory (seeSiegman,1 Chapt. 19.3). If the
guiding structure is independent of z, that meansif ~L ! 0 asin commonwave guides,
Ã(z) can be replacedby "z, where " is a small real quantit y. In laser cavities, this
generally is not the case.For instance, in simple two mirror resonators,Ã(z) for the
lowest-ordergaussianmode is given by the Guoy phaseshift (seefor instanceRef. 1,
Chapt. 19.3)

Ã(z) = arctan
z
zR

; (5)

wherezR is the Rayleigh range.Equation (5) shows that, in this case,the maximum
variation of Ã(z) along the resonatoraxis from the left to the right mirror is con¯ned
to ¡ ¼ · Ã(z) · ¼. For higher-order gaussianmodes Ã(z) is restricted by integer
multiples of ¼, dependingon the modeorder. In the caseof generalparaxial resonators,
which may be composedof mirrors and lenses,and weakly guiding refractive index
distributions of ¯nite length, it thereforeseemsreasonableto use"z instead of Ã(z)
and to take into account the remaining phase°uctuations "z ¡ Ã(z) in a function
~u = exp[¡ i ("z ¡ Ã(z))] ~v, which delivers

~E(x; y; z) = exp[¡ i (kf ¡ " )z] ~u(x; y; z): (6)

Equation (5) shows, that the phase°uctuations "z ¡ Ã(z) can be assumedsmall
along propagation distancesof the order of the wave length. Therefore, ~u overall
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can be expected to be free of small scale spatial oscillations with a scale length
corresponding to the wavelength. This leads to the important conclusion, that an
e±cient FEA discretization with a meshsizeof the order of the wave length or even
much larger should be possible.

To take into account small °uctuations of the refractive index, we de¯ne

k = kf + ks(x; y; z); (7)

whereks generallyis a complexvalued quantit y of small modulus. Then, insertion of
equations(6) and (7) into (1) delivers

¡ ¢ ~u + 2i (kf ¡ " )
@~u
@z

¡ ks(2kf + ks)~u = "(2kf ¡ " )~u: (8)

Since in most interesting cases"=kf < ¼ 10¡ 4, the term " in the ¯rst parenthesis
on the left side and in the parenthesis on the right side usually can be neglected,
delivering

¡ ¢ ~u + 2ik f
@~u
@z

¡ ks(2kf + ks)~u = 2"k f ~u =: »~u (9)

or

¡ ¢ ~u + 2ik f
@~u
@z

+ (k2
f ¡ k2)~u = »~u: (10)

If the beamguiding structure doesnot changealong the propagation axis z, i.e. if ks

is independent of z, and therefore@~u=@z vanishesfor stationary eigenmodes,Eq. (9)
transforms into

¢ x;y ~u + 2kf (" + ks)~u = 0; (11)

where additionally k2
s has been neglected.Equation (11) is identical with the 2D

eigenvalue equation for weakly guiding structures, as well known from texts on wave
guide theory.

Sincewe are looking for 3D eigenmodes,the solutions ~E and its derivativeswith
respect to z must meet conditions of periodicity imposed by the length ~L of the
substructure. But since we are consideringcavities with ~L À ¸ , the ~L-periodicity
of the phasefactor in Eq. (6) can always be achieved by a very small changeof kf

that hasnegligiblein°uence on Eq. (10). Therefore,we neglectthis phasefactor, and
imposethe conditions of periodicity directly on ~u as follows

~u(x; y; ~L) = ~u(x; y; 0) (12)
@
@z

~u(x; y; ~L) =
@
@z

~u(x; y; 0):

Perpendicular to the propagation direction the laser modes usually strongly decay
with distancefrom the axis, but sincewe are forcedto usea ¯nite computational vol-
ume, a non-re°ecting boundary condition must be usedfor the transverseevanescent
part of the wave. An appropriate choice is to usea Robin boundary condition

@~u
@~n

¡ iCb~u = 0; (13)
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where @=@~n denotesthe derivation in direction of the outer normal, and Cb can be
chosenas Cb = kf , seee.g.Ref. 8 and the referencescited therein.

Equations (10), (12), and (13) describe a solvable eigenvalue problem for the
cavit y modes.To derive theseequations,the only approximations were made when
Eq. (8) was replacedby Eq. (10) and when a Robin boundary condition was used
instead of a non-re°ecting boundary condition.

For the FEA we de¯ne a domain as depicted in Fig. 1, where the mirrors shall
be located at the left and right faces.We denote the cuboid of sizeW £ W £ L by
­, and the boundariesby ¡ 0; ¡ 1; and ¡ r , which stand for the left mirror, the right
mirror, and the remaining open part of the boundary, respectively.

To computethe eigenmodesof a standingwaveresonator,two waves,propagating
in opposite directions and appropriately coupledat the mirrors, must be taken into
account. For this purpose,we extend the above model by the use of the following
two-wave ansatz:

~E(x; y; z) = exp[¡ i (kf ¡ " )z] ~ur (x; y; z) + exp[¡ i (kf ¡ " )(L ¡ z)] ~ul (x; y; z): (14)

The functions ~ur and ~ul must meet the following boundary conditions at the end
mirrors

~ur (x; y; 0) = exp

"

ik f

Ã
x2

R1x
+

y2

R1y

!

¡ i¼

#

| {z }
Á0 (x;y ):=

~ul (x; y; 0); (15)

~ul (x; y; L) = exp

"

ik f

Ã
x2

R2x
+

y2

R2y

!

¡ i¼

#

| {z }
Á1 (x;y ):=

~ur (x; y; L);

wherea phaseshift of ¼, due to re°ection, and an additional phaseshift due to the
curvature of the mirrors, hasbeentaken into account. R1x(y) and R2x(y) are the radii
of curvature in x- and y-direction of the left and the right mirror, respectively.

Combining all considerationsabove leadsto a rigorousmathematicalde¯nition of
a PDE eigenvalueproblem for the computation of eigensolutions(~ur ; ~ul ) and complex
eigenvalues», as follows:

¡ 4 ~ur + 2ik f
@~ur

@z
+ (k2

f ¡ k2)~ur = »~ur and

¡4 ~ul ¡ 2ik f
@~ul

@z
+ (k2

f ¡ k2)~ul = »~ul in ­ (16)

with boundary conditions

~ur ¡ Á0~ul = 0 on ¡ 0;

~ur ¡ ¹Á1~ul = 0 on ¡ 1;
@~ur

@z
+ Á0

@~ul

@z
= 0 on ¡ 0;

@~ur

@z
+ ¹Á1

@~ul

@z
= 0 on ¡ 1; (17)
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@~ur

@~n
¡ iCb~ur = 0 on ¡ r ;

@~ul

@~n
¡ iCb~ul = 0 on ¡ r :

3. Finite Elemen t Discretization

To discretizethe eigenvalueproblem(16), (17), weapply the ¯nite element method. A
straight-forward application, however, would lead to an unstablediscretization of the
large¯rst order terms+2ik f

@~ur
@z and ¡ 2ik f

@~u l
@z in equations(16). In the ¯nite di®erence

context, this can be circumvented by an upwind and downwind discretization of the
¯rst order terms, respectively. We prefer a stable ¯nite element discretization based
on the streamlinedi®usionmethod, sincethis deliversa more accuratediscretization
than the ¯nite di®erenceupwind and downwind discretization.9,10 To obtain a suitable
streamlinedi®usiondiscretization of the eigenvalue problem (16), (17), we add terms
of order O(h), which essentially represent an arti¯cial viscosity in z-direction, to these
equations.

Let Vhxy ;h be the spaceof complexvalued tri-linear ¯nite elements of a grid on ­
with meshsizesh in z-direction and hxy for the transversaldirections. Furthermore,
let

V :=
n
(vr ; vl ) 2 Vhxy ;h £ Vhxy ;h

¯
¯
¯ vr ¡ Á0vl jz=0 = 0 and vr ¡ ¹Á1vl jz= L = 0

o
(18)

be the product spaceof wavesvr and vl , which travel in oppositedirectionsand satisfy
the coupling boundary conditions at the mirrors. Then, the stabilized variational
formulation of (16), (17) reads:

Find (ur ; ul ) 2 V and » 2 C such that

Z

­

Ã

r ur r ¹vr + (k2
f ¡ k2)ur ¹vr + 2ik f

@
@z

ur ¹vr

!

d(x; y; z) ¡ iCb

Z

¡ r

ur ¹vr d¾(x; y; z)

+ ¿h
Z

­

Ã

2ik f
@
@z

ur + (k2
f ¡ k2)ur

!
@
@z

¹vr d(x; y; z)

+
Z

­

Ã

r ul r ¹vl + (k2
f ¡ k2)ul ¹vl ¡ 2ik f

@
@z

ul ¹vl

!

d(x; y; z) ¡ iCb

Z

¡ r

ul ¹vl d¾(x; y; z)

¡ ¿h
Z

­

Ã

¡ 2ik f
@
@z

ul + (k2
f ¡ k2)ul

!
@
@z

¹vl d(x; y; z) (19)

= »
Z

­

Ã

ur vr + ¿h ur
@
@z

¹vr + ulvl ¡ ¿h ul
@
@z

¹vl

!

d(x; y; z)

holds for all (vr ; vl ) 2 V, with appropriately chosenstabilization parameter¿ ¸ 0.
This leadsto a discreteeigenvalue problem

A(Ur ;h ; Ul ;h) = »hM (Ur ;h ; Ul ;h); (20)

where A on the left-hand side is the sti®nessmatrix and M on the right-hand side
is the massmatrix of (19). (Ur ;h ; Ul ;h) are the discrete eigenvectors with eigenvalue
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»h. By ¯nite element theory, the convergenceof this ¯nite element approximation for
(hxy ; h) ! 0 is guaranteed.

Our numericalexperiments suggest,that the secondderivatives@2=@z2 in Eqs.(16)
only have negligiblee®ecton the shape of the solution. However, di®erent from BPM
methods theseterms do not complicate the computations in our approach, because
they only enter when the sti®nessmatrix A is computed at the beginning of the
algorithm.

4. Numerical Results

The eigenvalue problem (20) was solved by a shift-and-invert method. To solve the
equationsin the \in vert-part" we usedpreconditionedGMRES.11

In this section, someresults are presented which have beenobtained using our
new FEA approach. We have selectedsomecon¯gurations that allow for veri¯cation
of our resultsby the useof the gaussianmodealgorithm, sincethis is the only method
permitting an exact analytical analysisof lasercavities. To show that our method is
not con¯ned to those cases,we also apply it to a cavit y con¯guration that includes
thermal e®ectsand that cannot be computedsatisfactorily with the gaussianABCD
algorithm.

Example1. Our ¯rst exampleconcernsa cavit y consistingof a real gaussianduct
(seee.g.Ref. 1, Chapt. 20) betweenplanar endmirrors, i.e. a distribution of refractive
index, showing a parabolic pro¯le perpendicular to the propagation direction z, but
being independent of z. In detail, we usedthe following dimensions:

² Distancebetweenend mirrors L = 0:1 mm,

² wavelength ¸ = 2:0 ¹ m,

² refractive index n(x; y; z) = 1 ¡ (n2 £ r 2)=2.

Using the two-wave ansatz,we performed the FEA computations on a domain with
width W = 0:2 mm and with 40 £ 40 £ 5 elements (¼ 10000 grid points). For
comparison,Table 1 shows the spot sizeswFEA computedfor three di®erent valuesof
n2 by the useof our FEA method and wG computedby the gaussianmode algorithm,
respectively.

Sincethe refractive index is independent of z, the phaseshift Ã(z) in Eq. (4) can
bereplacedby "z. As for instanceexplainedin Ref.1, Chapt. 16.6,for the lowest-order
gaussianmode "G is given by "G = (n2)1=2. Table 1 shows the good correspondence
of "G with "FEA deducedfrom the computedeigenvalue »h(= 2"FEA kf ).

Example2. Herewe apply our method to an empty cavit y of length L = 1:0 mm,
whoseleft end mirror is concave with a radius of curvature R1 = 5:0 mm, whereas
the right mirror is planar. Figure 2 shows the spot size, as a function of z, of the
lowest-ordermode asobtained by our FEA code in comparisonwith the result of the
gaussianalgorithm. The width of the computational domain was W = 0:2 mm; in
the computation 41£ 41£ 61 (¼ 102000)nodeshave beeninvolved.
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Our derivation of the eigenvalueproblem in Section2 provesthat the Guoy phase
shift Ã(z) can be computedby the useof the relation

~u(0; 0; z) = exp[¡ i ("z ¡ Ã(z))] j~u(0; 0; z)j;

where ~u and " are the numerically obtained results for the eigenmode and the eigen-
value,respectively. SinceÃ(z) only is determinedexceptfor a constant, wesetÃ(L) =
0 for this example. In Figure 3 the numerically computed phaseshift ÃFEA (z) and
the gaussianphaseshift Ã(z) as given by Eq. (5) are plotted. The excellent agree-
ment betweenboth results shows that our method is able to predict even ¯ne details
exactly.

Example3. To demonstratethat our method can reliably take into account fo-
cusinge®ectsin longer cavities, we analyzein this examplea cavit y with planar end
mirrors having a distanceof L = 10:0 mm. Only a short sectionextending from the
left mirror over 1:0 mm length is ¯lled with a Gaussianduct, that meansthe refractive
index is de¯ned by n(x; y; z) = 1 ¡ (n2(z) £ r 2)=2 with

n2(z) =

(
0:06 if z · 1:0
0:0 else.

Figure 4 shows the z-dependenceobtained for the spot sizeof the lowest-ordermode
by the useof FEA and by the gaussiancodeLASCADTM ,2,3 respectively. Both results
nearly coincide. The FEA has beencarried through on a domain with width W =
0:4 mm. The grid was made up by 20 £ 20 £ 150 elements, which corresponds to
approximately 70000points.

Figures 5 and 6 display the normalized intensity of the lowest-orderand of one
higher-ordermode, respectively.

Example4. In this examplewe use our method to model a monolithic DPSSL
consisting of an end pumped Nd:YAG crystal, whosedeformedend facesrepresent
the end mirrors of the cavit y. To take into account thermal lensingdue to the tem-
perature dependenceof the refractive index and due to thermal distortion a thermal
and structural FEA has beencarried through by the useof LASCADTM .2 The data
obtained in this way for the temperature distribution and deformation of the crystal
have beenimported into our program.We useda rectangularslabof equalheight and
width W = 0:8 mm and length L = 8:0 mm cooled from top and bottom, but not
from left and right. The obtainedtemperaturedistribution thereforedeviatesstrongly
from rotational symmetry. Figure 7 shows the thermally inducedrefractive index dis-
tribution on the whole slab and Figure 8 along x- and y-axis immediately behind
the entrance plane of the pump beam(at z = 0) as obtained with LASCADTM .2 To
compute the mode shape by the useof a gaussianapproximation as implemented in
LASCADTM ,2 the refractive index distribution is ¯tted parabolically for a seriesof
crosssectionsalong the z-axis as also shown in Figure 8 for a crosssectioncloseto
z = 0. The obtained parabolic coe±cients are used in a round trip ABCD matrix
to compute the mode shape. Figures 9 and 10 show the spot sizesalong the z-axis
obtained in this way in comparisonwith the spot sizesobtained by our newapproach
that usesthe full 3D thermal and structural FEA data without parabolic ¯t. For our
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computationswe used80£ 80£ 32 elements which equatesto approximately 250000
grid points. As onecan see,the results are very closeto each other in the y-z-plane,
whereasin x-z-plane the spot size obtained by our new approach is considerably
larger. This is expected from the fact that the parabolic ¯t shown in Fig. 8 is good
alongthe y-axis,but very poor alongthe x-axis for which the plot showsa bell shaped
distribution. Accordingly, for the transversemode pro¯le the deviation betweenthe
gaussianpro¯le and the result of the 3D approach also is much stronger along the
x-axis than along the y-axis as shown in Figures11 and 12.

5. Conclusions and Outlo ok

As referencedin the introduction, several methods for the numerical computation of
the eigenmodesof lasercavities havebeendevelopedand still arewidely used.Most of
them are basedon the early work of Fox and Li, using a round-trip integral operator
to compute the ¯eld distribution at a referenceplane iterativ ely. The sampled¯eld
distributions are usedto compute eigenvaluesand modesin subsequent steps.Since
it seemsimpossibleto guarantee applicability and accuracyof this integral method
in general,we have presented a new approach, which addressesa direct solution of
the partial di®erential equation (1) by methods of ¯nite element analysis.Compared
with the integral method, which can use data only at a single referenceplane, the
FEA approach allows for simultaneously involving the whole resonatordomain into
the numerical procedure.

Di®erent from other approaches, which also apply FEA directly to Helmholtz
or Maxwell's equations,we usea factorization to separateout the oscillating factor
exp(¡ ik z) from the phasoramplitude ~E(x; y; z) to obtain a function ~u(x; y; z), whose
variation with respect to z is relatively slow. This leads to a solvable eigenvalue
problem for ~u(x; y; z) as shown in Section 2. The factorization allows considerable
reduction of the number of nodesnecessaryfor su±cient resolution.

For casesthat allow for application of the gaussianmodealgorithm, our resultsare
in excellent agreement with the latter one,asshown for several examplespresented in
Section4. Curved end mirrors have beenmodeledby imposingappropriate boundary
conditions, taking into account a locally varying phaseshift.

Basedon thermal and structural FEA results imported from LASCADTM ,2 we
have also applied our method to model a monolithic DPSSL consisting of an end
pumped crystal, whosedeformedend facesrepresent the end mirrors of the cavit y.
In this case,the expected deviation between gaussianapproximation and numeri-
cal solution could be demonstratedclearly. Therefore, the combination of our new
approach with thermal and structural FEA is expected to deliver an accurate and
reliable eigenmode analysisalso for more complexresonatorcon¯gurations.
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Table 1. Comparison between FEA and Gaussian Results for a Gaus-
sian Duct with Real Refractiv e Index

n2 wFEA [¹ m] wG [¹ m] "FEA "G =
p

n2

0.24 36.220 36.049 0.497 0.490
0.48 30.376 30.313 0.708 0.693
0.72 27.714 27.391 0.871 0.849
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Fig. 1. Computational Domain. seiderFig1.eps.
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Fig. 2. Empty cavit y with oneconcave (R1 = 5:0 mm) and oneplanar endmir-
ror, FEA (solid line) and gaussianmode shape (dashedline). seiderFig2.eps.
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Fig. 3. Guoy phaseshift for an empty cavit y with oneconcave (R1 = 5:0 mm)
and oneplanar endmirror, FEA (solid line) and gaussianmode result (dashed
line). seiderFig3.eps.
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Fig. 4. ComparisonbetweenFEA (solid line) and gaussianresults(dashedline)
for a long resonator with a short gaussianduct attached to the left mirror.
seiderFig4.eps.Double columned!
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Fig. 5. Lowest-order mode in a long resonator. seiderFig5.eps.Double
columned!
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Fig. 6. TEM 22-mode in a long resonator.seiderFig6.eps.Double columned!
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Fig. 7. Sliceand isosurfacesof a refractive index distribution basedon numer-
ical data imported from LASCADTM . seiderFig7.eps.Double columned!
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Fig. 8. Comparison of numerical (dots) and parabolically ¯tted (triangles)
refractive index. Screenshot of LASCADTM . seiderFig8.eps.
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Fig. 9. Comparisonof FEA (solid line) and gaussianx-axis spot size(dashed
line) along cavit y axis for a monolithic laser with thermal e®ectstaken into
account. seiderFig9.eps.Double columned!
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Fig. 10. Comparisonof FEA (solid line) and gaussiany-axis spot size(dashed
line) along cavit y axis for a monolithic laser with thermal e®ectstaken into
account. seiderFig10.eps.Double columned!
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Fig. 11. Transversemode pro¯le along x-axis for a monolithic laserwith ther-
mal e®ectstaken into account, FEA (solid line) and gaussianmode result
(dashedline). seiderFig11.eps.
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Fig. 12.Coinciding transversemode pro¯les alongy-axis for a monolithic laser
with thermal e®ectstaken into account, FEA (solid line) and gaussianmode
result (dashedline). seiderFig12.eps.
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